Haupt's theorem for strata of abelian differentials by Bainbridge, Matt et al.
HAUPT’S THEOREM FOR STRATA OF ABELIAN
DIFFERENTIALS
MATT BAINBRIDGE, CHRIS JOHNSON, CHRIS JUDGE, AND INSUNG PARK
Abstract. Let S be a closed topological surface. Haupt’s theorem provides
necessary and sufficient conditions for a complex-valued character of the first
integer homology group of S to be realized by integration against a complex-
valued 1-form that is holomorphic with respect to some complex structure on
S. We prove a refinement of this theorem that takes into account the divisor
data of the 1-form.
1. Introduction
Let S be an oriented connected topological surface without boundary having
genus g ≥ 2. We say that a character χ : H1(S;Z) → C is realized by a complex-
valued 1-form ω if and only if for each integral cycle γ we have
∫
γ
ω = χ(γ). In this
case, the image Λχ of χ is the set of periods of ω.
In 1920, O. Haupt [Hpt20] determined those characters that are realized by
some 1-form that is holomorphic with respect to some complex structure on S.
More recently, M. Kapovich [Kpv17] rediscovered Haupt’s characterization in the
following form: A character χ is realized by a holomorphic 1-form ω if and only if
(1) its area A(χ) := Im
∑
χ(ai)χ(bi) is positive where {ai, bi} is a symplectic
basis of H1(S;Z), and
(2) if Λχ is discrete, then Λχ is a lattice and the induced homotopy class of
maps from S to the torus C/Λχ has degree dχ strictly greater than 1.
In addition, if Λχ is discrete, then the induced map is realized by a branched
covering p : S → C/Λχ and the pullback p∗(dz) realizes χ.
In this note we provide a refinement of Haupt’s theorem that involves the divisor
data of the 1-form. To be precise, let Z(ω) = {z1, z2, . . . , zk} be the set of zeros of
a nontrivial holomorphic 1-form ω, and for each i let αi denote the multiplicity of
the zero zi. The divisor data, α(ω), is the unordered n-tuple (α1, . . . , αk), whose
sum is α1 + α2 + · · ·+ αk = 2g − 2.
Theorem 1.1. A character χ : H1(S,Z)→ C is realized by a 1-form ω with divisor
data α(ω) = (α1, . . . , αk) if and only if
(1) A(χ) is positive, and
(2’) if Λχ is discrete, then the induced map S → C/Λχ has degree dχ > max {αi}.
The proof of the sufficiency is immediate. Indeed, one applies Haupt’s theorem
and notes that the Riemann-Hurwitz formula shows that the degree of an induced
branched covering is at least 1 + max {αi}.
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To prove the necessity, we will recast the problem in terms of the moduli space
theory of 1-forms (see §2). The Hodge bundle is the moduli space of complex-
valued 1-forms that are holomorphic with respect to some complex structure on S.
A connected component of the set of 1-forms that have a prescribed set of periods
constitutes a leaf of the isoperiodic foliation. Calsamiglia, Deroin, and Francaviglia
[CDF15] classified the closures of the leaves of the isoperiodic foliation. We use this
classification to prove the following.
Theorem 1.2. If L is an isoperiodic leaf whose associated set of periods is not a
lattice, then L intersects each connected component of each stratum of the Hodge
bundle.
Here a ‘stratum’ is a subspace of the Hodge bundle consisting of 1-forms ω with
the same divisor data. To prove Theorem 1.1, one combines Theorem 1.2 with the
following proposition.
Proposition 1.3. For each unordered n-tuple β of integers such that
∑
i βi = 2g−2
and for each integer d > max {βk}, there exists a primitive degree d branched
covering p : S 7→ C/Z2 such that α(p∗(dz)) = β.
In fact, we show, more generally, that for each connected component K of the
stratum associated to β there exists a primitive degree d cover so that p∗(dz) ∈ K.
See Proposition 3.1.
In §2, we construct the Hodge bundle over Teichmu¨ller space, define the isope-
riodic foliation, recall the main result of [CDF15], and prove Theorem 1.2. In §3,
we prove Proposition 1.3.
Soon after posting this paper on the arxiv, Thomas Le Fils shared a preprint
containing his independent proof of Theorem 1.1. His proof differs from ours in
that it does not pass through Theorem 1.2 and instead uses a study of the mapping
class group action on the space of characters in the spirit of [Kpv17]. We note his
preprint does not consider connected components of strata.
2. The Hodge bundle and the isoperiodic foliation
In this section we describe the Hodge bundle and the absolute and relative period
mappings. We define the isoperiodic foliation and show that each leaf that passes
near a stratum must intersect the stratum. We use this to prove Theorem 1.2.
Finally we prove Theorem 1.1 modulo the proof of Proposition 3.1.
We begin by describing the Hodge bundle as a bundle over Teichmu¨ller space. A
marked Riemann surface is a closed Riemann surfaceX together with an orientation-
preserving homeomorphism f : S → X. Two marked surfaces (f1, X1) and (f2, X2)
are considered to be equivalent if f2 ◦ f−11 is isotopic to a conformal map. The set
of equivalence classes of marked genus g surfaces may be given the structure of a
complex manifold homeomorphic to C3g−3 called the Teichmu¨ller space Tg.
The Hodge bundle ΩTg → Tg is the (trivial) vector bundle over Tg whose fiber
above (f,X) consists of (equivalence classes of) holomorphic 1-forms on X. In other
words, ΩTg is the space of triples (f,X, ω) up to natural equivalence. The total
space of ΩTg is naturally a complex manifold of dimension 4g − 3. The absolute
period map P : ΩTg → H1(S;C) is the holomorphic map that assigns to each triple
(f,X, ω) the cohomology class f∗(ω).
Let Ω∗Tg ⊂ ΩTg denote the set one-forms that do not vanish identically. The
map that assigns divisor data to each 1-form defines a stratification of Ω∗Tg. In
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particular, for each partition α = (α1, . . . , αk) of 2g − 2, we define the stratum
ΩTg(α) to consist of those triples (f,X, ω) such that the divisor data of ω equals
α.
One may also define a relative period map in a neighborhood of each non-trivial
marked one-form (f0, X0, ω0) in the stratum ΩTg(α). Let Z ⊂ S be a set of k
marked points. Over a contractible neighborhood U ⊂ ΩTg(α) of (f0, X0, ω0), one
may choose representative marking maps to identify Z with the zero sets Z(ω).
Pulling back by these marking maps the class [ω] ∈ H1(X,Z(ω);C) then defines
the relative period map Prel : U → H1(S,Z;C).
The relative period map is well-known to be a local biholomorphism [Vch90].
Moreover, the relative and absolute period maps are related by P |U = r ◦ Prel
where r is the natural map from H1(S,Z;C) to H1(S;C). By considering the long
exact sequence in cohomology, one finds that r is surjective, and hence P |U is a
submersion. Since every non-trivial one-form lies in some stratum, we have the
following.
Lemma 2.1. The restriction of the absolute period map P to Ω∗Tg is a submersion,
as is its restriction to any stratum in ΩTg.
Since P is a submersion, it defines a holomorphic foliation of Ω∗Tg called the
isoperiodic (or Rel) foliation. Each isoperiodic leaf is a connected component of a
level set of P .
The mapping class group Mod(S) naturally acts biholomorphically and properly
discontinuously on the Hodge bundle. The quotient of this action is the classical
Hodge bundle ΩMg → Mg where the base Mg is the moduli space of Riemann
surfaces. In particular, each point in ΩMg may be regarded as (the equivalence
class of) a pair (X,ω) where X is a Riemann surface and ω is a holomorphic 1-form
on X.
If ϕ ∈ Mod(S) then we have P (ϕ∗(ω)) = ϕ∗(P (ω)). It follows that the isoperi-
odic foliation descends to a foliation of ΩMg that we will also refer to as the isope-
riodic foliation. Moreover, we have a well-defined map from the set of leaves to the
orbit space H1(S;C)/Mod(S), and the set of periods ΛL :=
{∫
γ
ω : γ ∈ H1(S,Z)
}
depends only on the isoperiodic leaf L to which ω belongs.
Each stratum ΩT )2(α) is invariant under the action of Mod(S). Each quotient,
ΩM2(α) := ΩT (α)/Mod(S), is the stratum that consists of pairs (X,ω) with divisor
data α.
Proposition 2.2. Let K be a connected component of a stratum. There exists a
neighborhood Z ⊂ ΩMg of K such that if an isoperiodic leaf L intersects Z, then
L also intersects K.
Proof. Let K˜ be a connected component of the preimage of K in Ω∗Tg. By
Lemma 2.1, the map P is a holomorphic submersion from the 4g − 3 dimensional
complex manifold Ω∗Tg onto the complex vector space H1(S;C) which has dimen-
sion 2g. Thus, given (f,X, ω), the inverse function theorem provides an open ball
B2g−3 ⊂ C2g−3, an open ball B2g ⊂ H1(S;C), and a biholomorphism ϕ from
B2g−3 ×B2g onto a neighborhood U of (f,X, ω) so that P ◦ ϕ(z, w) = w.
Suppose that (f,X, ω) lies in K˜. Since the restriction of P to K˜ is a submersion,
the image V := P (U ∩ K˜) is open. Note that (P ◦ ϕ)−1(V ) = B2g−3 × V . If L is a
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connected component of P−1(χ) that intersects W := ϕ(B2g−3 × V ), then χ ∈ V
and L ∩ U = ϕ(B2g−3 × {χ}). In particular, L intersects K˜.
The neighborhood Z is constructed by taking the image in ΩMg of the union of
all such neighborhoods W as (f,X, ω) varies over K˜. 
Next, we describe the result of Casamiglia, Deroin, and Francaviglia [CDF15]
that classifies the closures of leaves L in terms of the associated set of periods ΛL.
The closure, ΛL is a closed real Lie subgroup of C ∼= R2. Thus, ΛL is either equal
to C, is isomorphic to Z⊕ R, or is discrete.
Let Ω1Mg ⊂ ΩMg denote the locus of unit-area forms. Since the area functional
A(ω) = i2
∫
S
ω ∧ ω depends only on absolute periods, Ω1Mg is saturated by leaves
of the isoperiodic foliation.
Given any closed subgroup Γ ⊂ C, let ΩΓ1Mg ⊂ Ω1Mg denote the set of unit-area
forms whose absolute periods are contained in Γ. If Γ = C, then ΩΓ1Mg = Ω1Mg.
At the other extreme, if Γ is discrete, then ΩΓ1Mg is nonempty only if Γ has
covolume 1/d for some integer d > 1, in which case ΩΓ1Mg is a closed isoperiodic
leaf which parameterizes primitive degree d branched covers of C/Γ.
Proposition 2.3. If Γ is a lattice, then the space ΩΓ1Mg is connected.
Proof. By Theorem 9.2 of [GabKaz87], given two primitive, simply branched cov-
erings p : S → C/Γ and q : S → C/Γ of the same degree, there exists a homeomor-
phism h : S → S and a homeomorphism k : C/Γ → C/Γ isotopic to the identity
so that k ◦ p = q ◦ h. Let kt be the isotopy with k0 = k and k1 = id. For each
t, the 1-form (kt ◦ p)∗(dz) is holomorphic with respect to the pulled-back complex
structure. We have (k0 ◦ p)∗(dz) = h∗ (q∗(dz)) and (k1 ◦ p)∗(dz) = p∗(dz). Hence
the path in ΩΓ1Mg associated to (kt ◦ p)∗(dz) joins the point represented by q∗(dz)
to the point represented by p∗(dz). Since simply branched coverings are generic,
the space ΩΓ1Mg is connected. 
Because ΩΓ1Mg is connected, we may simplify the statement of the main theorem
of [CDF15].
Theorem 2.4 ([CDF15]). Let L ⊂ Ω1Mg be a leaf of the isoperiodic foliation and
let Γ = ΛL. If g > 2, then the closure of L is Ω
Γ
1Mg. If g = 2, then either the
closure of L is ΩΓ1Mg or L lies in the eigenform locus E ⊂ Ω1Mg.
We are now ready to prove Theorem 1.2.
Proof of Theorem 1.2. We first suppose that g > 2 or g = 2 and L 6⊂ E . If L is
an isoperiodic leaf such that ΛL is not a lattice, then ΛL either equals C or equals
R · z1 ⊕ Z · z2 where zi ∈ C. By Lemma 2.1 the restriction of the absolute period
map to a given component K of a given stratum is an open map. It follows that
there exists (X,ω) ∈ K of area 1 so that the periods of ω lie in Q · z1 ⊕Q · z2. In
particular, the set of periods constitute a lattice and there exists A ∈ SL2(R) so
that the periods of A · (X,ω) lie in ΛL. Hence A · (X,ω) lies in the closure L by
Theorem 2.4. Thus K intersects L, and hence K intersects L by Proposition 2.2.
It remains to consider the case where g = 2 and L ⊂ E . In this case, Theorem
1.2 follows from work of McMullen [McM03, McM05]. Indeed, ΩM2 consists of
two strata, the principal stratum ΩM2(1, 1) and the stratum ΩM2(2), and both of
these strata are connected. McMullen shows that the eigenform locus E ⊂ Ω1M2
is a countable union of orbifolds Ω1ED where D belongs to a subset of the positive
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integers. Moreover, each Ω1ED is saturated by leaves of the isoperiodic foliation.
The intersection Ω1ED∩Ω1M2(2) is his “Weierstrass curve” Ω1WD. The eigenform
locus Ω1ED is a circle bundle over a Hilbert modular surface, which is covered by
H × H. In this covering, the isoperiodic foliation is simply the “vertical” foliation
with leaves {c}×H. Each component of the Weierstrass curve is covered by a graph
of a holomorphic function H→ H which a fortiori must intersect each vertical leaf,
and hence every isoperiodic leaf in Ω1ED must intersect Ω1WD. Finally, each Ω1WD
is nonempty unless D = 4, in which case Ω1E4 parameterizes degree 2 torus-covers,
a case that is excluded by Theorem 1.1. 
We remark that if ΛL is a lattice, then the associated space Ω
ΛL
1 M2 need not
intersect every stratum ΩM2(α). Indeed, for such an intersection to be nonempty,
it is necessary for the covolume of ΛL to be strictly less than 1/maxαi. Proposition
3.1 below implies that this condition is also sufficient.
Finally, we prove our variant of Haupt’s theorem modulo Proposition 3.1.
Proof of Theorem 1.1. Suppose that χ ∈ Hom(H1(S;Z),C) ∼= H1(S;C) is a char-
acter which satisfies the hypotheses of Theorem 1.1. By applying a real rescaling,
we may assume moreover that A(χ) = 1. Haupt’s theorem then provides a unit-area
holomorphic 1-form (X,ω) ∈ Ω1Tg representing χ. Let L ⊂ Ω1Tg be the isoperiodic
leaf passing through (X,ω), with pi(L) its image in Ω1Mg.
If ΛL is not a lattice, then Theorem 1.2 implies that the leaf pi(L) intersects
ΩM(β). A form (X ′, ω′) in this intersection is then a representative of χ in the
desired stratum.
If ΛL is a lattice, then the image pi(L) of L in Ω
ΛL
1 Mg is the space of primitive
degree d branched covers of C/ΛL. Proposition 3.1 then implies that the leaf pi(L)
intersects ΩM(β). 
3. Primitive torus covers
In this section we complete the proof of Theorem 1.1 by constructing primitive
branched torus coverings p : S → C/Γ so that p∗(dz) lies in each component of
certain strata. (Recall that a map is primitive if the induced map on homology is
surjective.) In particular, we prove the following.
Proposition 3.1. Let K be a connected component of the stratum ΩM2(α). Then
for each integer d > maxαi, there exists a primitive degree d branched covering
p : S → C/Γ so that p∗(dz) lies in K.
The rest of the paper is dedicated to proving Proposition 3.1. The GL+2 (R)
action on ΩMg preserves each connected component of each stratum, and hence
we may assume without loss of generality that Γ = Z2.
In §3.1, we will construct such coverings for each connected component of the
so-called ‘minimal stratum’ ΩMg(2g− 2) consisting of holomorphic 1-forms with a
single zero. In §3.2, we will construct covers for each component of ΩMg(g−1, g−1),
the stratum consisting of holomorphic 1-forms with exactly two zeros each of order
g−1. In §3.3 we apply various surgeries to the torus covers constructed in §3.1 and
§3.2 to construct primitive torus covers for connected components of strata where
maxαi is even. In §3.3.4 we use surgeries to construct torus covers when maxαi is
odd. Finally, in §3.3.5, we check how the surgeries affect the spin parity.
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We will need to determine whether a torus covering p : S → C/Z2 admits a
hyperelliptic involution, a holomorphic involution τ : S → S such that the quo-
tient S/〈τ〉 is a sphere. Because τ∗(ω) = −ω, a hyperelliptic involution maps
each vertical (resp. horizontal) cylinder to a vertical (resp. horizontal) cylinder.
Moreover, if τ preserves a vertical or horizontal cylinder C, then τ preserves the
central curve of the cylinder and fixes exactly two points on the central curve. The
Riemann-Hurwitz formula implies that τ has exactly 2g + 2 fixed points.
To check that a torus cover lies in a particular connected component, we will
use the spin parity as described in [KoZo03]. For the convenience of the reader we
briefly describe this invariant.
Given a Riemann surface X with a holomorphic one-form ω and a loop γ : S1 →
X disjoint from the zeros of ω, the Gauss map Gγ : S
1 → S1 is defined by
Gγ(t) =
ω(γ′(t))
|ω(γ′(t))| .
The index of γ is the degree of Gγ . Note that if γ is a geodesic with respect to the
flat structure on the surface, then ind(γ) = 0.
Following Thurston and Johnson [Jns80], Kontsevich and Zorich [KoZo03] gave
the following formula for the spin parity of a holomorphic 1-form ω all of whose zeros
have even order. Given a symplectic basis a1, b1, ..., ag, bg for H1(X;Z) consisting
of curves that do not pass through a zero, the spin parity of ω equals
g∑
i=1
(ind(ai) + 1)(ind(bi) + 1) (mod 2).
In particular, this invariant of a holomorphic 1-form with zeros of even order lies
in Z/2Z. We refer to a 1-form as even if its spin parity equals 0 mod 2, and as odd
otherwise.
3.1. Minimal strata. In this subsection, for each d > 2g − 2, we construct a
degree d primitive branched torus covering for each connected component of the
‘minimal stratum’ ΩMg(2g− 2). For g ≥ 4, the minimal stratum has exactly three
connected components [KoZo03]:
• hyperelliptic: The 1-forms in ΩMg(2g−2) that are canonical double covers
of meromorphic quadratic differentials on the Riemann sphere with one
zero of order 2g − 2 and 2g + 1 simple poles.
• even: The non-hyperelliptic 1-forms with even spin parity.
• odd: The non-hyperelliptic 1-forms with odd spin parity.
Denote these components by ΩMg(2g − 2)hyp, ΩMg(2g − 2)odd, and ΩMg(2g −
2)even. In the case g = 3, there is no even component, and in the case g = 2, there
is only the hyperelliptic component [KoZo03].
For each of the above connected components we will first construct a degree
2g − 1 primitive branched cover p so that p∗(dz) lies in the component. A slight
modification of the construction will provide primitive branched coverings of each
degree d > 2g − 2.
For a torus covering to lie in the minimal stratum, it is necessary that it be
branched over a single point. To describe such coverings, consider the unbranched
covers of the punctured torus C/Z2\{[0]}. Each such degree d covering corresponds
to a homomorphism ρ from the fundamental group of the once punctured torus to
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the symmetric group on d letters (the ‘monodromy representation’). The funda-
mental group of the once punctured torus is freely generated by the central curve h
of the horizontal cylinder and the central curve v of the vertical cylinder. It follows
that each degree d covering that is branched over [0] is determined by ρ(h) and
ρ(v). In sum, each branched covering is determined by a pair of permutations that
we will denote h and v respectively. This description is unique up to simultaneous
conjugation of h and v.
There is a one-to-one correspondence between the zeros of p∗(dz) and the non-
trivial cycles of the commutator [h, v]. Each cycle of length 1 in [h, v] corresponds
to a point in the fiber above [0] that is not ramified. In particular, since in this
section, we wish to construct torus coverings with a single ramification point of
degree 2g − 1 we will need to check that [h, v] has one cycle of length 2g − 1 and
d− (2g − 1) cycles of length 1.
Torus coverings branched over one point are often called square-tiled surfaces.
Indeed, given a pair of permutations h, v of {1, . . . , d}, we can construct the covering
by gluing together d disjoint unit squares labeled 1, . . . , d as follows: Glue the right
side of square i to the left side of square h(i) and the top of square i to the bottom
of square v(i). Note that the group generated by h and v must act transitively on
{1, 2, ..., d} for the surface to be connected.
3.1.1. The hyperelliptic component. Let p : Hg → T be the degree d = 2g− 1 torus
covering branched over one point that is defined by the following permutations on
2g − 1 letters (in cycle notation)
h = (1, 2)(3, 4) · · · (2g − 3, 2g − 2)(2g − 1)
v = (1)(2, 3)(4, 5) · · · (2g − 2, 2g − 1).
See Figure 1. The commutator [h, v] has order 2g − 1 and so p has only one
ramification point, and thus p∗(dz) has exactly one zero z of order 2g−2. Hence each
vertical edge (resp. horizontal edge) of each unit square is a 1-cycle in H1(Hg;Z),
and the covering map sends this 1-cycle to the standard vertical (resp. horizontal)
generator of H1(C/Z2;Z). Hence p is primitive.
A hyperelliptic involution τ of the surface Hg can be constructed by rotating
each square in Figure 1 about its center by pi radians. The involution τ has 2g + 2
fixed points consisting of the zero of p∗(dz), the centers of each of the 2g−1 squares,
the midpoint of the top (and bottom) edge of square 1, and the midpoint of the left
(and right) edge of square 2g − 2. The quotient Hg/〈τ〉 is a sphere and it follows
that p∗(dz) is hyperelliptic.
To construct primitive branched covers of degree d > 2g− 1, we lengthen one of
the vertical cylinders by placing d− (2g−1) additional squares on top of the square
2g − 1 in Figure 1. To be precise, let p : Hdg → C/Z be the covering determined by
the permutations
h = (1, 2)(3, 4) · · · (2g − 3, 2g − 2)(2g − 1)(2g − 2) · · · (d− 1)(d)
v = (1)(2, 3)(4, 5) · · · (2g − 2, 2g − 1, . . . , d− 1, d).
The commutator [h, v] has one cycle of length 2g − 1 and d − (2g − 1) cycles of
length 1. In other words, p∗(z) has a single zero of order 2g − 2. The covering
p is primitive for the same reason that the covering Hg → T is primitive. The
surface Hdg admits a hyperelliptic involution which rotates by pi each of the squares
labeled 1 through 2g− 3 about their respective centers, and which rotates by pi the
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1 2
3 4
5 · · ·
· · · 2g − 2
2g − 1
Figure 1. A hyperelliptic surface, Hg, in the minimal stratum
that is a degree 2g − 1 primitive branched covering of the torus.
vertical cylinder (2g − 2, . . . , d) about the center of the square labeled 2g − 2. In
addition to the centers of the square 1, 2, . . . , 2g − 2, the hyperelliptic involution
fixes the zero of p∗(dz), an additional point in the interior of the vertical cylinder
(2g − 2, . . . , d), and a point corresponding to a point on a boundary component of
the vertical cylinder (2g − 2, . . . , d).
3.1.2. The odd component. Let p : Og → T be the degree d = 2g− 1 torus covering
determined by the permutations
h = (1, 2, 3, . . . , 2g − 1)
v = (1, 2)(3, 4) · · · (2g − 3, 2g − 2)(2g − 1).
See Figure 2.
1
2
a1
b1
2
1
a1
3
4
a2
b2
4
3
a2 · · · · · ·
2g − 3
2g − 2
ag−1
bg−1
2g − 2
2g − 3
ag−1
2g − 1
2g − 1
ag
Figure 2. Og in ΩMg(2g − 2)odd and a symplectic basis for H1(Og,Z).
By an argument similar to the one just described for Hg, the covering map
p : Og → T is primitive. To calculate the spin parity of Og we choose a symplectic
basis of H1(Og;Z) as follows: For i = 1, 2, . . . , g − 1, let ai be the core curve of
the vertical cylinder that intersects the saddle connection labeled 2i, and let ag be
the core curve for the vertical cylinder that intersects the saddle connection labeled
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2g − 1. For i = 1, 2, . . . , g − 1, let bi be the core curve of the cylinder of slope 1
that intersects the saddle connection labeled 2i. To define bg, consider the set A of
points whose distance from the saddle connection labeled 2g− 1 equals some small
constant, say 1/4. The saddle connection 2g − 1 is a simple closed curve on the
surface Og, and so A has two components. Let bg be one of the components. See
Figure 2. The index vanishes for each ai and vanishes for each bi provided i 6= g−1.
The index of bg is g − 1. Thus,
∑g
i=1 (ind(ai) + 1)(ind(bi) + 1) = 2g − 1 and Og
has odd spin.
To see the Og is not hyperelliptic, we argue by contradiction. Suppose to the
contrary that Og admits a hyperelliptic involution τ . Each of the 2g+1 fixed points
of τ that are distinct from the zero of p∗(dz) would either lie in the interior of a
vertical cylinder or in the interior of the unique horizontal cylinder. The vertical
cylinder (2g − 1) is the only vertical cylinder whose girth equals 1, and hence
τ((2g − 1)) = (2g − 1). In particular, one fixed point of τ would lie at the center
of the square labeled 2g − 1. It follows that τ maps the vertical cylinder (i, i + 1)
to the cylinder (2g − 2− i, 2g − 1− i). Thus the interior of these vertical cylinders
contain no fixed points. It follows that τ would have at most 4 fixed points. Since
g ≥ 3 we would have a contradiction.
To construct higher degree primitive branched covers, we attach d − (2g − 1)
additional squares to the right of Figure 2. In particular, we widen the last vertical
cylinder on the right. More precisely, we define p : Odg → T as the covering
associated to the permutations
h = (1, 2, · · · , d)
v = (1, 2)(3, 4) · · · (2g − 3, 2g − 2)(2g − 1)(2g − 2) · · · (d).
The parity of the spin structure does not change when these additional squares
are added to the surface. To see this, note that the only required change to our
symplectic basis described earlier is that the horizontal portion of the bg curve in
square 2g − 1 is stretched out to a horizontal curve traversing squares 2g − 1, 2g,
..., d.
3.1.3. The even component. Let P : Eg → T be the degree d − 2g − 1 branched
covering defined by permutations
h = (1, 2, 3)(4, 5, . . . , 2g − 1)
v = (1, 2)(3, 4) · · · (2g − 3, 2g − 2)(2g − 1).
See Figure 3. By arguments that are similar to the ones applied to Hg and Og,
one finds that p∗(dz) has one zero, that p is primitive, that the spin parity of Eg is
even, and that Eg is not hyperelliptic. In sum, p
∗(dz) belongs to ΩMg(2g− 2)even.
Higher degree primitive branched covers Edg are constructed by lengthening the
right most cylinder. To be precise these are defined by the permutations
h = (1, 2, 3)(4, 5, . . . , d)
v = (1, 2)(3, 4) · · · (2g − 3, 2g − 2)(2g − 1)(2g − 2) · · · (d).
3.2. The strata ΩM(g−1, g−1). According to [KoZo03], if g ≥ 5 is odd, then the
stratum ΩM(g−1, g−1) has three connected components: hyperelliptic; even spin
parity and non-hyperelliptic; and odd parity and non-hyperelliptic. When g = 3
or g ≥ 4 and even, the stratum has exactly two components: hyperelliptic and
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1
2
2
1
3
3
4
5
5
4
· · · · · ·
2g − 3
2g − 2
2g − 2
2g − 3
2g − 1
2g − 1
Figure 3. Eg in ΩMg(2g − 2)even
non-hyperelliptic. In §3.2.1 we exhibit a surface in each hyperelliptic component,
regardless of the parity of g, and then in §3.2.2 we construct examples in the re-
maining non-hyperelliptic component(s). Our constructions will be based on gluing
together surfaces with slits.
3.2.1. ΩM(g−1, g−1)hyp. If g = 2m is even, we construct a degree g hyperelliptic
torus cover as follow. First, create a genus two surface by gluing together two copies
of C/Z2 that each have a horizontal slit. Take m distinct copies, S1, . . . , Sm, of this
genus two surface. From both S1 and Sm remove one of the two horizontal saddle
connections that are distinct from slits and from each of the remaining genus two
surfaces, S2, . . . , Sm−1, remove both of these horizontal saddle connections. Glue
the top (resp. bottom) of the new slit on S1 to the bottom (resp. top) of one of the
(new) slits on S2. Then, inductively, glue the top (resp. bottom) of the remaining
slit on Si to the bottom (resp. top) of one of the slits on Si+1. Let Xg denote the
resulting degree g cover of C/Z2 when g is even.
Figure 4. Primitive degree g torus covers in ΩMg(g−1, g−1)hyp
in the cases g = 4 and g = 5. Each square corresponds to a slit
torus.
If g = 2m+ 1 is odd, then remove the horizontal saddle connection of X2m that
lies in Sm and then glue in an additional horizontally slit torus to obtain the torus
cover X2m+1. The surfaces X4 and X5 are described in Figure 4.
A torus cover Xdg of degree d = k + g − 1 can be constructed in the same way
if one replaces a slit copy of C/Z2 in the construction of the genus two surface S1
with a slit copy of C/(kZ⊕ Z). The hyperelliptic involution on Xdg corresponds to
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the elliptic involution of each slit torus that fixes the center of each slit. A vertical
curve in S1 (resp. horizontal curve in S2) is mapped to the standard vertical (resp.
horizontal) generator of H1(C/Z2,Z). Hence the covering is primitive.
Remark 3.2. A degree g, primitive, hyperelliptic torus covering can also be defined
in terms of the classical Chebyshev polynomial Pg, the unique polynomial satisfying
Pg(cos θ) = cos (g · θ)
for each θ ∈ R. Given a ∈ (0, 1) such that Pg(a) 6= ±1, let q be the unique
quadratic differential on the Riemann sphere Ĉ with simple poles at {±1,±a}. The
set P−1g {+1,−1} consists of all g−1 critical points of degree two together with the
two additional points at which Pg is not branched. The map Pg is not branched
at any of the 2g points in P−1g {+a,−a}. It follows that P ∗g (q) has 2 + 2g simple
poles and one zero of degree 2g − 2 at ∞ ∈ Ĉ. Let (X,ω) and (C/Λ, dz) be the
respective canonical double covers of (Ĉ, P ∗g (q)) and (Ĉ, q). The map Pg : Ĉ → Ĉ
lifts to a primitive degree g branched cover P˜g : X → C/Λ so that P˜ ∗g (dz) = ω. It
follows that (X,ω) lies in the hyperelliptic component of ΩM(g − 1, g − 1).
3.2.2. Non-hyperelliptic components of ΩMg(g − 1, g − 1). Recall that if g = 3 or
g ≥ 4 and g is even, then there is exactly one non-hyperelliptic component. If
g ≥ 5 and g is odd, then there are exactly two non-hyperelliptic components, one
consisting of odd spin parity 1-forms and one consisting of even spin parity 1-forms.
We first construct a torus covering that is non-hyperelliptic in each genus and then
observe that if g is odd, then its spin parity is odd. Then we separately construct
an even spin torus covering for g odd.
For each g ≥ 3, define a degree g cover Xg by cyclically gluing together distinct
horizontally slit tori S1, . . . , Sg. To be more precise, glue the top of the slit on Si
to the bottom of the slit on Si+1. The case of g = 5 is illustrated in Figure 5.
Figure 5. A cyclically glued g-slit torus cover Xg when g = 5
To prove that the surface Xg is not hyperelliptic, let us assume to the contrary
that a hyperelliptic involution τ exists and derive a contradiction. Let C be the
vertical cylinder that contains each of the slits si ⊂ Si. The cylinder C is the only
vertical cylinder that has length greater than one, and hence it would be preserved
by a hyperelliptic involution τ . Thus, τ would preserve the union of horizontal
saddle connections that belong to C, and hence would preserve the complement
A, that is the disjoint union of the slit tori Si. If τ were to map one slit torus Si
onto a distinct slit torus Sj , then the quotient Xg/〈τ〉 would contain the embedded
one-holed torus Si ∪ Sj/〈τ〉, and hence the quotient would not be a sphere. Thus
the hyperelliptic involution τ would have to preserve each Si, and hence would act
12 MATT BAINBRIDGE, CHRIS JOHNSON, CHRIS JUDGE, AND INSUNG PARK
as an elliptic involution of each Si. It follows that the involution τ |Si has a fixed
point xi ∈ C. Hence C contains g fixed points, and since g ≥ 3, this is the desired
contradiction.
When g is odd, then the spin parity of Xg is well-defined, and a straightforward
argument shows that the spin parity of Xg is odd. Indeed, choose a homology basis
for each slit torus Si consisting of a vertical and a horizontal curve. The index of
each of these curves is zero. Thus, the spin parity of Xg is
∑g
i=1 1 ≡ g mod 2.
To obtain non-hyperelliptic covers : Xdg → T of degree d = g − 1 + k, one may
modify the construction by replacing, for example, S1 with the slit torus obtained
by removing a horizontal slit s from the torus C/(kZ⊕Z). Similar arguments show
that Xdg is not hyperelliptic and has spin parity equal to g mod 2.
It remains to construct, for each odd g ≥ 5 and each d ≥ g, a non-hyperelliptic,
even spin parity, torus cover in ΩM(g − 1, g − 1) of degree d. To construct one of
degree d = g, remove the horizontal saddle connection from X2 (resp. Xg−2) that
does not lie in the vertical cylinder C. Glue the top (resp. bottom) of the slit on
X2 to the bottom (resp. top) resulting slit on Xg−2. See Figure 6 for the case of
g = 5. The resulting surface Yg covers T , and using the homology basis illustrated
in Figure 6, one finds that the spin parity is g − 2 + 2 + 3 ≡ g + 3 mod 2.
To obtain torus covers of higher degree one need only, as above, replace one of
the slit tori with the slit torus coming from C/(kZ⊕Z). To see that the surface Yg
is not hyperelliptic, apply the argument used for Xg to the unique vertical cylinder
C in Xg−2 that has girth greater than 2.
Figure 6. A genus 5 torus covering Yg in the even spin parity
component of ΩM(4, 4).
3.3. Other strata. Thus far, we have produced torus coverings in each connected
component of the minimal strata ΩMg(2g − 2) and ΩMg(g − 1, g − 1). To obtain
torus covers in other strata we will perform a surgery which modifies the surface
by adding zeros and increasing genus. We then describe how the parity of the
spin structure of the resulting surface may be determined from the parity of the
surface the which we modified. For concreteness we will describe the surgery on
the odd parity surfaces, though the procedure applies equally well to the other
surfaces. In particular, the surgery can be performed on any torus cover which has
enough vertical cylinders of height two (where “enough” depends on the order of
the zero we are attaching), and at least one vertical cylinder of height one. All of
the surfaces constructed in previous subsections will satisfy these two conditions.
We will describe here two types of surgery, one for zeros of odd order and one
for zeros of even order. Furthermore, we have multiple “starting points” for the
two procedures we will describe. These starting points correspond to whether the
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highest order zero on our surface has even or odd order, and in the case of even
order whether we will construct a surface whose spin structure has even or odd
parity.
Sections 3.3.1, 3.3.2, and 3.3.3 below assume the highest order of a zero is even.
In these sections we begin with a surface in ΩMg(2g − 2) and add zeros of lower
orders by making slits in this initial surface and re-gluing the shores of the slits in
specific ways. In Section 3.3.4 we consider the case when the highest order of a zero
is odd. In this case we consider an initial surface in some ΩMg(2m+1, 2n+1), and
after describing that initial surface, the surgeries from the previous three sections
may be applied to attach more zeros to the surface.
3.3.1. Adding a single zero of even order. In order to add a zero of order 2k to a
torus cover, the covering map must have degree at least 2k + 1. We will suppose
also the cover has at least k vertical cylinders of height 2 and one vertical cylinder
of height 1. Choose some point P on the base torus over which the covering map is
not branched, and choose 2k + 1 preimages numbered P1 through P2k+1 such that
P1 occurs in the cylinder of height one, and both P2j and P2j+1 occur in the same
cylinder of height two. Let Lj denote the vertical line segment connecting P2j and
P2j+1, with L0 the vertical cycle through P1. We choose the Lj ’s so they differ from
one another by a deck transformation. We cut the surface along the Lj segments,
then reglue these slits by attaching the left-hand side of Lj to the right-hand side
of Lj+1, and the right-hand side of L0 to the left-hand side of Lk. See Figure 7
where a zero of order 4 is added to the surface O4 to obtain a surface in ΩM6(4, 6).
1
2
2
1
3
4
A C
4
3
D F
5
6
B A
6
5
E D
7
7
F E
C B
Figure 7. A degree seven torus cover in ΩM6(4, 6) obtained by
a surgery of O4 ∈ ΩM4(6)odd.
The process above can be iterated to produce surfaces with an arbitrary number
of even order zeros whose order is less than the degree of the cover.
3.3.2. Adding a pair of zeros of the same odd order. The orders of zeros of a holo-
morphic 1-form on a genus g Riemann surface must add to 2g − 2, and so there
must be an even number of zeros of odd order. When we perform surgery to add
odd order zeros, we can not add individual odd-order zeros one at a time. We will
consider two cases of adding pairs of odd order zeros: when the odd orders are the
same, and when they are different.
To add a pair of zeros of order 2k− 1, with 2k less than the degree of the cover,
we choose two distinct points P and Q on the base torus over which the cover
is not branched and consider 2k preimages, P1 through P2k and Q1 through Q2k
such that each Pi and Qi occurs in the same square. Let Li denote the horizontal
segment connecting Pi and Qi. We slit the surface along the Li segments and then
reglue the shores of the slits cyclically. See Figure 8.
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Figure 8. A degree seven torus cover in ΩM7(3, 3, 6) obtained
by a surgery of O4 ∈ ΩM4(6)odd.
3.3.3. Adding a pair of zeros of different odd orders. We add a pair of zeros of two
different odd orders, say m < n, in three steps. First we add pair of zeros of the
lower odd order, m, being sure to place one of the slits in the vertical cylinder of
height one. We then add a zero of even order n−m, being certain there is a short
horizontal line segment connecting the cone point in the vertical cylinder of height
one to one of the odd order zeros we have already added. Finally, we lengthen the
horizontal slits between the two zeros of order m so that one of these zeros collides
with the zero of order n−m. See Figure 9.
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E F
Figure 9. A degree seven torus cover in ΩM7(3, 5, 6) obtained
by a surgery of O4 ∈ ΩM4(6)odd.
3.3.4. Highest order zero has odd order. The examples given above used a surface in
some minimal stratum ΩMg(2g−2) as their starting point. The surgeries described
above then show how to obtain a torus cover of minimal degree in each stratum
where the highest order zero has even order. To complete the construction we
must also exhibit a surface where the surgeries described can be performed (i.e.,
the surface consists of several vertical cylinders of height two, and one cylinder of
height one), but where the highest order zero has odd order. As odd order zeros
come in pairs, our starting point for these surfaces will be surfaces of the form
ΩM(2m+ 1, 2n+ 1) where m ≤ n.
We construct these surfaces by considering a surface with one zero of even order
2n, and using a slit construction to attach a torus to the surface in such a way
that the order of the unique zero of order 2n increases to 2n+ 1, and a zero of any
desired order 2m + 1, not exceeding 2n + 1, is obtained. Producing a second zero
of the desired order does take some care, and so we first describe a local model of
a zero of order k which will guide the order in which we make slits to attach a zero
to the surface.
In general, we can think of a zero of order n as a collection of n + 1 slit discs
which are glued together cyclically. Figure 10, for example, corresponds to a local
model of a zero of order 4.
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Figure 10. A local model for a zero of order four.
We will increase the order of this zero by one by introducing more slits without
modifying the slits that already appear in these discs. Introducing more slits will
introduce another zero, and we want to be able to control the order of this zero.
One way to accomplish this is to add another disc, slit the disc along a line
segment from its center to some other point, add similar slits in some of our original
discs, and then identify the shores of these new slits cyclically. This will create a
new cone point at the end of the new slit, while the right-hand endpoint of the
new slit remains identified with the old cone point. Since we have one more disc,
however, we pick up an extra angle of 2pi, increasing the order of the zero by 1.
Figure 11 corresponds to the local picture obtained by taking the zero of order 4
in Figure 10 and making the slits required to turn this into a zero of order 5 while
introducing a zero of order 3.
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2
4
3
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4
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c
c
d
Figure 11. Modifying a zero of order four so that it becomes a
zero of order five, and a zero of order three is also produced.
In general, we increase the order of a zero of order 2n to 2n+ 1 while adding a
zero of order 2m + 1 (with m ≤ n) by adding one disc, making a slit in this disc,
and slits in 2m + 1 of the discs around the original cone point of order 2n in the
way described above.
To obtain a surface with the desired odd order zeros 2m+ 1 ≤ 2n+ 1, we begin
with the surface On+1 ∈ ΩMn+1(2n), then make 2m + 1 horizontal slits in this
surface with cone points at one end of the slit, together with one horizontal slit in
a square torus. The edges of the slits are identified as indicated in the local model
of the zero, as in Figure 11. In particular, beginning from one slit made in On+1,
the next slit which appears is obtained by rotating 2pi clockwise around the cone
point. In Figure 12 we obtain a surface in ΩM5(3, 5) by performing the described
surgery to O3 ∈ ΩM3(4)odd.
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Figure 12. A degree six torus cover in ΩM5(3, 5) obtained by
performing a surgery to O3 ∈ ΩM3(4)odd.
3.3.5. Parity computations. Recall from §3.1.2 that the parity of the spin structure
associated to a 1-form with zeros of even order may be computed by making a
choice of symplectic basis {a1, b1, ..., ag, bg} on the surface and computing
g∑
i=1
(ind(ai) + 1)(ind(bi) + 1) (mod 2).
We now show how this parity is changed by the surgery of adding a zero of even
order described in §3.3.1. For concreteness we will describe the change in parity
specifically when surgeries are applied to O4, but the same arguments will apply to
all of the surfaces we perform surgeries to.
1
2
a1
b1
2
1
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3
4
a2
b2
4
3
a2
5
6
a3
b3
6
5
a3
7
7
a4
Figure 13. A convenient symplectic basis for O4.
Consider the symplectic basis, {ai, bi}, for O4 described in Figure 13. When a
zero of order two is attached to the surface by the aforementioned surgery, the genus
of the surface increases by one and so we must add two curves to our symplectic
basis. By homotoping the curves in our symplectic basis if necessary, we may avoid
most of the slits that are made during the surgery. However, since there is one
cut made along a non-separating curve, this non-separating curve must intersect at
least one of the curves in our basis, namely the bg curve in the original basis. At
this point of intersection the bg curve breaks into two pieces. The piece intersecting
the original ag curve we continue to denote bg, and the other piece we denote bg+1.
See Figure 14.
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a5
b5
Figure 14. A convenient symplectic basis for the surface obtained
by adding a zero of order two to O4.
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Notice that this modification to the basis does not change any ind(ai) or ind(bi),
and the index of the two curves introduced are both zero. That is, the corresponding
sum in the Johnson-Thurston formula above has a single term of 1 appended, and
so the parity flips. This procedure can be iterated, showing that for any number
of zeros of order two may be added with the parity of the resulting surface flipping
when an odd number of such zeros are added, and the parity is preserved if an even
number of zeros is added. The last three squares of the corresponding surface in
ΩM6(2, 2, 6) are shown in Figure 15.
5
6 5
6 7
7
Figure 15. The basis elements added by adding two zeros of order
two, together with the initial a4 and a portion of b4.
To compute the change in parity when higher order zeros are added, we will per-
form continuous deformations during which our torus cover will make an excursion
outside of the Hurwitz space during the deformation, though the final result will
again be a torus cover. In particular, to compute the parity change when adding
a zero of order 2n with n > 1, we first add n zeros of order two as indicated in
Figure 15. Then for n− 1 of these zeros we break the zero into two zeros of order
one by shrinking the corresponding slit and non-separating cycle (the cycle becomes
a slit once the shrinking begins). See Figure 16.
5
6 5
6 7
7
Figure 16. A zero of order two is broken into two simple zeros.
We now slide one of the shrunken slits so that it has representatives in two
squares which do not have any other slits. During this deformation the curves
representing our symplectic basis are homotoped and the resultant curves still give
a symplectic basis. In addition, if the curves never cross a cone point during the
homotopy, then the turning numbers and parity of the spin structure are preserved.
We now stretch the slits so that the cycle we broke is again a cycle. See Figure 17.
Finally, we force the zeros to collide by sliding them horizontally closer to one
another in the right-most square where each zero has a representative. Moving
the slits in other squares correspondingly gives a torus cover. In the case of the
surface in ΩM6(2, 2, 6) shown in Figure 17, this results in the surface in ΩM6(4, 6)
in Figure 7. During this deformation we homotope the symplectic basis elements,
and so we still have a symplectic basis. However as cylinders of the surface collapse,
we are required to homotope some of our basis elements so that our basis does not
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5
6 5
6 7
7
Figure 17. The slits with the simple zeros slide into squares with-
out other slits.
consist of saddle connections and we can perform the Johnson-Thurston calculation.
In doing so we must necessarily push curves across cone points and this does cause
the turning number to change, although the lemma below says the change in turning
number is easy to compute. (This lemma is similar to the band change discussed
in the proof of Theorem 1A in [Jns80].)
Lemma 1. When a curve is pushed across a zero of order n by a homotopy, the
turning number increases by n.
Proof. By applying a small homotopy which does not pass through the zero, we
may suppose that the curve is made up of horizontal and vertical segments. When
pushed across a zero of order n, the curve now traverses all but one of the edges of
a 4(n + 1)-gon. This increases the total angle of the curve around the cone point
by 2npi: there are 4n + 2 angles of pi2 , and two angles of
−pi
2 . See Figure 18. That
is, the total rotation around the point is n. 
Figure 18. Light and dark gray curves represent elements of the
horizontal and vertical foliations defined by the 1-form near a zero
of order two. When the black curve on the left is homotoped across
the zero and replaced by the edges of a polygon with horizontal and
vertical sides, the total angle is counted and the resulting change
in the turning number computed.
In particular, when homotoping over a zero of even order the turning number of a
curve changes by an even number and so the parity is not affected. This, combined
with the calculation for parity change when a zero of order two is attached, shows
that for each zero of order 2n which we attach to the surface by a surgery, the
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parity changes by n (mod 2). As we can construct surfaces of either parity in each
minimal stratum, this shows we can build surfaces of either parity in each stratum
consisting only of zeros of even order.
Finally, note that we can arbitrarily increase the degree of any covers we have
constructed by appropriately attaching squares to one of our covers and doing this
does not introduce any further changes in the surface’s parity.
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